Introduction {#Sec1}
============

Efficient solvers for electromagnetic scattering in stratified media are important in e.g. metrology (Raymond [@CR28], Chapter 18), metamaterials (Nanfang et al. [@CR23]; Jahani and Jacob [@CR16]), and integrated optics (Wang et al. [@CR36]). Especially for three-dimensional structures, where the number of unknowns is often very large, there is a demand for fast solvers, for which the computational complexity scales well for large numbers of unknowns. A good strategy to find a potentially efficient algorithm is to exploit symmetries. For stratified media such a symmetry is the translation symmetry in the layered background medium. This symmetry can be exploited through the use of a Fourier representation in a volume integral formulation.

In a stratified dielectric medium, an analytic expression exists for the Green function in the electromagnetic case, as a function of one spatial coordinate in the direction of stratification and two spectral coordinates in the two directions perpendicular to the stratification (Kong [@CR17]; Felsen and Marcuvitz [@CR11]; Chew [@CR4]; Michalski and Mosig [@CR21]). It is advantageous to use the stratified-medium Green function, since it incorporates the response of the multilayer medium analytically. Therefore, little computation time or memory is used for computing the scattered electromagnetic field throughout the entire layered stack, since the electric field on a domain slightly larger than the scattering object suffices. It is possible, using Sommerfeld ([@CR29]) or Fourier integrals, to transform the Green function completely to the spatial domain and then use it in an integral equation method (Chew [@CR4], Chapter 8; Felsen and Marcuvitz [@CR11], Chapter 5; Kong [@CR17], Chapter 4; Wait [@CR35], Chapter 2). However, these Sommerfeld integrals are often tedious to compute, because of poles and branch cuts present in the Green function that can be located on or close to the integration path. Since the Green function has to be re-calculated for every modification in the multilayer medium, caching the Green function in a library is only advantageous when exactly the same multilayered medium is used many times.

It is also possible to use the Green function directly in the spectral domain, where it is known analytically. For a periodically repeating object, the Green function decomposes into a discrete set of modes as derived in for example (Beurden [@CR31], [@CR32]). Problems with poles and oscillations along branch cuts in the Green function (Chew [@CR4]; Felsen and Marcuvitz [@CR11]) can be avoided on such a discrete set of modes since the modes and locations of the poles will most likely not coincide. However, for a finite scatterer the spectral domain is continuous and now the poles and oscillations along the branch cuts are hard to discretize (Dilz and Beurden [@CR6], [@CR7]). Deformations of the Sommerfeld integration path to a complex-plane path (Ruiter [@CR5]; Newman and Forrai [@CR24]; Hochman and Leviatan [@CR15]; Michalski and Mosig [@CR22]) can help to evade these poles and branch cuts. In Dilz and Beurden ([@CR7]) an algorithm for two-dimensional electromagnetic scattering with TE polarization in a multilayered medium is presented, where both contrast-current density and scattered field are represented on a path in the complex plane of the spectral domain. It is this path that allows for the use of Gohberg and Koltracht ([@CR12]) fast, flexible and recursive Green-function convolution in the stratification direction.

The first challenge in three dimensions is that, instead of one, now two directions perpendicular to the stratification direction need to be handled. The complex integration path is turned into a complex integration manifold and since the transformation from the spatial domain to the complex integration manifold is part of the core of the algorithm, transformations back and forth need to be computationally efficient. We show an integration plane consisting of nine regions of three distinct types and show transformations to and from the spatial domain that can be computed in $\documentclass[12pt]{minimal}
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                \begin{document}$$O(N \log N)$$\end{document}$ time, where *N* is the number of spectral unknowns.

The second challenge is that the discontinuity of both the permittivity and the electric field at material interfaces leads to poor convergence in spectral formulations (Li and Haggans [@CR20]). This effect was also observed for a Gabor-frame based solver for TM-polarized scattering (Dilz et al. [@CR9]). For periodic scattering problems with a discrete spectral expansion a reformulation of the field-material interactions corrects this poor rate of convergence (Granet and Guizal [@CR14]; Lalanne and Morris [@CR18]), which is explained in more detail in Li ([@CR19]) introducing the so-called Li-rules. In Dilz et al. ([@CR9]) it is shown that the same mechanism can also be used for a continuous spectral expansion and the algorithm of Dilz and Beurden ([@CR7]) is extended to efficiently deal with the discontinuous field-material interaction in a way that does abide these Li-rules. Here, we propose a generalization of this method to three dimensions. Inspired by Beurden and Setija ([@CR33]), we show that a normal-vector field formulation (Popov and Nevire [@CR25]) can be used for three-dimensional scattering to replace the field-material interaction.

We start by a short formulation of the volume integral equation. Subsequently, we give a more detailed explanation of the discretization, with emphasis on the complex-plane spectral domain representation, followed by a short summary of the normal-vector field framework. The applicability of the present algorithm is highlighted by three numerical examples, with numerical evidence that the computation time scales as $\documentclass[12pt]{minimal}
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                \begin{document}$$O(N \log N)$$\end{document}$ with the number of unknowns and comparison against a finite-element reference calculation.

The volume integral equation {#Sec2}
============================

Consider a stratified dielectric medium where layers with different relative permittivities are stacked in the *z*-direction. Layer *n* is located between $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \chi (\mathbf{x}) = \frac{\varepsilon _r(\mathbf{x})}{\varepsilon _{rb,i}}-1, \end{aligned}$$\end{document}$$which is nonzero only in the object.Fig. 1An illustration of a possible scattering setup

An incident electromagnetic field originates from the upper half-space at arbitrary angles and polarization. The electric field in presence of the multilayered background medium $\documentclass[12pt]{minimal}
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The spectral domain representation {#Sec3}
==================================

The Green function {#Sec4}
------------------

The three-dimensional integral in Eq. ([3](#Equ3){ref-type=""}) yields, when implemented naively, an $\documentclass[12pt]{minimal}
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In the spectral domain, a spatial convolution can be executed with $\documentclass[12pt]{minimal}
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The multilayer Green tensor in Eq. ([3](#Equ3){ref-type=""}), can be separated in a homogeneous-medium part yielding $\documentclass[12pt]{minimal}
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Since the field-material interaction in Eq. ([4](#Equ4){ref-type=""}) is calculated in the spatial domain and the Green-function operation in Eq. ([9](#Equ9){ref-type=""}) in the spectral domain, we need a fast and efficient means of transforming the current density $\documentclass[12pt]{minimal}
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The Gabor frame {#Sec5}
---------------
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We use the Fourier transformation of Eq. ([12](#Equ12){ref-type=""}) to discretize functions in the spectral domain. This has the advantage that the operation of Fourier transformation reduces to merely a tranposition of coefficients. Details on operations such as Fourier transformation and multiplication of Gabor-represented functions can be found in Dilz and Beurden ([@CR6]) for one dimension and the generalization to two dimensions is straightforward.

A complex-plane deformation of the integration manifold {#Sec6}
=======================================================

In the *z*-direction, the integration with the Green tensor in Eq. ([7](#Equ7){ref-type=""}) is discretized completely in the spatial domain. Since it was shown that a piecewise-linear approximation in the *z*-direction is effective (Dilz and Beurden [@CR6], [@CR7]; Dilz et al. [@CR9]), we propose to use it here again. In the *z*-direction, the basis functions are then defined as$$\documentclass[12pt]{minimal}
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For the discretization in the *xy* plane, a method similar to the two-dimensional cases in Dilz and Beurden ([@CR7]), Dilz et al. ([@CR9]) is proposed. The Green function contains poles due to the effective reflection coefficients and many oscillations along the branch cuts may occur. Both these poles and oscillations cannot be represented efficiently in a Gabor frame representation. In the two-dimensional case, these problems can be circumvented by representing the Green-function in the transverse direction in Eq. ([9](#Equ9){ref-type=""}) on a path in the spectral complex plane. For three-dimensional problems, this path can be generalized to a two-dimensional integration manifold in the transverse $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{\tau }_T$$\end{document}$, Eqs. ([7](#Equ7){ref-type=""}) and ([9](#Equ9){ref-type=""}) contain smooth functions and these can be used in combination with the Gabor-frame discretization.Fig. 2The complex-plane integration domain in the spectral domain consisting of nine regions, of three types

This complex spectral manifold divides the complex $\documentclass[12pt]{minimal}
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It should be noted that the complex integration path of ([16](#Equ16){ref-type=""}) is not the only possible choice. For example, in Dilz and Beurden ([@CR8]) a different continuous path in one dimension is chosen. The current choice for the path in ([16](#Equ16){ref-type=""}) was made because the large horizontal stretches allow for fast transformations to and from the spectral domain. Different choices might not allow for such computational efficiency.

Discretization in regions of type 1 {#Sec7}
-----------------------------------

Most information is contained in regions of Type 1, since $\documentclass[12pt]{minimal}
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All this means that the scattered electric field $\documentclass[12pt]{minimal}
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In three dimensions, this issue can also be resolved by making a first-order continuation of the functions to eliminate the branch cut. Since the branch cut can be located close to the $\documentclass[12pt]{minimal}
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A general remark about the importance of this continuation is in place. In principle, the Gibbs phenomenon in a Gabor frame representation is not of much significance, unless two functions with discontinuities at the same position are multiplied. The Li-rules ([@CR19]) state that when two functions with spatial discontinuities at the same position are multiplied to form a convolution in the spectral domain, the convergence of this convolution is poor. The Li-rules also apply to Gabor frames (Dilz et al. [@CR9]) and since the spatial and spectral domain are both represented by a Gabor frame, a spatial version of the Li-rules is also applicable to the Gabor frame. These spatial Li-rules state that when two spectral functions with discontinuities are multiplied in a Gabor-frame representation, a poor convergence is observed. Now when the NE region of the electric field with its branch cut is multiplied by the cut-off function $\documentclass[12pt]{minimal}
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Discretization in regions of type 2 {#Sec8}
-----------------------------------

First we will approximate the contrast current density in $\documentclass[12pt]{minimal}
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For the calculation of the current density in the N region, function values of $\documentclass[12pt]{minimal}
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Having dealt with the transformation to the N region, we will now deal with the transformation from the N region back to its spatial-domain counterpart. After multiplication of the contrast current density $\documentclass[12pt]{minimal}
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Similar to regions of Type 1, some parts of the Green function are discretized using a continuation such as in Eq. ([20](#Equ20){ref-type=""}), to avoid a branch cut. For example, for the N region the continuation is only needed in the *y*-direction, since a Gabor frame is employed in this direction only and a PWL discretization does not suffer from Gibbs ringing. The construction for a one-dimensional continuation is described in more detail in Dilz and Beurden ([@CR7]).

Discretization in the region of type 3 {#Sec9}
--------------------------------------

For the middle (M) region, a two-dimensional version of the construction for the N region is used. Since the generalization is fairly straightforward, we will not write it down explicitly. The only difference here is that we use a total number of $\documentclass[12pt]{minimal}
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An important remark on the use of Vandermonde matrices is that they are generally ill-conditioned when a uniform sampling is used, such as is the case in the NE and NW regions. In principle, this could lead to a poor conditioning of the $\documentclass[12pt]{minimal}
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There are two reasons that a relatively large number of PWL basis functions (typically $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z_{min}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z_{max}$$\end{document}$, this lack of smoothness should be represented accurately. Afterwards, when the transformation to the spatial domain is performed, this roughness on the M region corresponds to contributions outside the simulation domain, but ignoring the roughness is not an option since it leads to accumulating errors in the recursive handling of the Green function. This is especially important when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$z_{max}-z_{min}$$\end{document}$ is large compared to the wavelength.

Correspondence between simulation parameters and accuracy {#Sec10}
---------------------------------------------------------

Since there are many simulation parameters, it is not trivial to find values for these parameters that produce both a good accuracy and short computation time. This list is intended to clarify which simulation parameters influence which part of the algorithm. This list is intended as a general guideline for optimal results.Start with a Gabor frame with $\documentclass[12pt]{minimal}
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Efficient field-material interaction {#Sec11}
====================================

Formulating the field-material interaction as proposed in Eq. ([4](#Equ4){ref-type=""}) yields poor convergence since it violates the Li-rules ([@CR19]). We propose to use a normal-vector field approach (Popov and Nevire [@CR25]; Beurden and Setija [@CR33]). In Dilz et al. ([@CR9]) it is shown that when the Li-rules are satisfied, good convergence is reached in a continuous spectral discretization in a formulation similar to the RCWA formulation by Granet and Guizal ([@CR14]). We follow the same approach as Popov and Nevire ([@CR25]), Beurden ([@CR31], [@CR32]), Beurden and Setija ([@CR33]), van Beurden ([@CR30]) in constructing normal-vector fields and the following is intended as a short summary of that method.

When the permittivity is discontinuous at a material interface, it is observed that the electric field $\documentclass[12pt]{minimal}
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Since we use Gabor coefficients only in the transverse plane, we apply the normal-vector field formulation only in the transverse plane. For objects with interfaces that are not aligned with the *z* or transverse plane, a staircasing approximation is needed. When $\documentclass[12pt]{minimal}
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Numerical results {#Sec12}
=================

We have chosen three testcases to validate the present algorithm. As a reference to validate our results we use the commercial FEM code JCMWave (Burger et al. [@CR3]). Our goal is to achieve an accuracy of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbf{k} = (-k_0 \sin (70^\circ ) , 0 ,k_0 \cos ( 70^\circ ))$$\end{document}$, with the electric field polarized in the *xz*-plane and with unit amplitude.Fig. 5**a** The scattering setup for a small, low-contrast 100 nm cube embedded in a multilayered medium. **b** A cylinder, embedded in the same multilayered medium. **c** A finite grating consisting of six repeating blocks located on top of a substrate
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With these simulation parameters, the simulation domain in the *xy*-plane extends over a larger region than the scatterer itself, as is visible in Fig. [6](#Fig6){ref-type="fig"}a. In this figure, the norm of $\documentclass[12pt]{minimal}
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Since this Gibbs ringing has a very small spatial period, it does not radiate into the far field. Because the far field is the most interesting for the application, we use the far field as a reference for the accuracy of the method. As can be observed in Fig. [7](#Fig7){ref-type="fig"}, the error in the far field is much lower than in the near field, because the absence of the Gibbs ringing. The average relative difference with an $\documentclass[12pt]{minimal}
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In Fig. [8](#Fig8){ref-type="fig"}, we show how both the accuracy and the computation time scale with the number of unknowns used in the calculation. The horizontal axis in Fig. [8](#Fig8){ref-type="fig"}a contains the sample density, which was lowered by decreasing the range of the $\documentclass[12pt]{minimal}
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The second example for which we provide computational data consists of a dielectric cylinder embedded in a multilayered medium as is described in Fig. [5](#Fig5){ref-type="fig"}b. In Fig. [9](#Fig9){ref-type="fig"}, the electric field is shown at $\documentclass[12pt]{minimal}
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In Fig. [10](#Fig10){ref-type="fig"}, the absolute value of the far field reflected into the upper half-space is plotted. The relative error for the simulation in the far field is $\documentclass[12pt]{minimal}
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We have calculated the far field with a finer discretization, to show the convergence of the algorithm. We emphasize that the present algorithm does not excel at small computational domains. However, for a small computational domain a more accurate validation result was feasible than for a very large computational domain. The reason that the present algorithm is relatively slow for small simulation domains is that a lower limit on the number of unknowns in the *x* and *y*-direction exist, since the Gabor frame (as we choose it) is inaccurate over a range of at least three window widths $\documentclass[12pt]{minimal}
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                \begin{document}$$n_x$$\end{document}$ in Eq. ([12](#Equ12){ref-type=""}). Consequently, at least seven values for index $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m_x$$\end{document}$ and seven values for index $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_x$$\end{document}$ are needed, which amounts to a total of 49 coefficients per direction at minimum. Since we use a Gabor frame in two dimensions, a minimum of 2401 unknowns is needed for a minimum simulation domain. Note that we assumed the use of a Gabor frame with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha = \beta = \sqrt{2/3}$$\end{document}$ and the Moore-Penrose inverse to calculate the dual window, where the accuracy increases exponentially with the distance to the truncated coefficients for this choice (Böcskei and Janssen [@CR2]) for sufficiently smooth functions. This effect only exists for small simulation domains. For large simulation domains, the number of unknowns at the edge of the simulation domain is negligible.

The third and final example for which we computed the scattered electric field consists of six dielectric blocks of $\documentclass[12pt]{minimal}
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                \begin{document}$$N_s=N_m=20$$\end{document}$. Since the scatterer is larger than in the previous examples, it was efficient to choose larger window widths *X* and *Y*, which results a coarser sampling. From Fig. [11](#Fig11){ref-type="fig"}b it is clear that this coarser sampling generates a somewhat more pronounced Gibbs-ringing from the edges. However, in the far field, which is shown in Fig. [12](#Fig12){ref-type="fig"}, the average relative difference with the JCMWave reference calculation is similar to that for the cylinder case, i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$2\times 10^{-3}$$\end{document}$. Even though the scatterer extends much wider in the *xy* plane, the number of unknonws in the *xy*-plane was increased by only a factor 5 / 3, while the accuracy in the far field remained similar. This clearly shows that the present method performs better for scatterers larger than a wavelength in size.Fig. 11The electric field in the plane $\documentclass[12pt]{minimal}
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Conclusion {#Sec13}
==========

A volume integral equation for 3D scattering from finite dielectric objects embedded in a dielectric layered medium was presented in the mixed spatial and spectral domain and an algorithm based on Gabor frames was presented for the discretization. The algorithm employs a mixed spatial spectral formulation and Gabor frames for the discretization. A representation of the Green function, contrast current density, and scattered electric field on a complex integration manifold is employed in the spectral domain. A normal-vector field formulation in the transverse spatial domain is employed to improve the convergence in the field-material interaction.

The accuracy of the present algorithm was compared to a FEM algorithm. The results of both algorithms in the far field agree with each other up to the $\documentclass[12pt]{minimal}
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                \begin{document}$$2.5 \times 10^{-3}$$\end{document}$ were observed, because the FEM algorithm did not fully converge with the computational resources at hand. Numerical evidence was presented that the computational complexity of the present algorithm scales as $\documentclass[12pt]{minimal}
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